We investigate the pitch transitions induced by an external bulk field in a Cholesteric Liquid Crystal slab of finite thickness that contains an incomplete number of π-twists. The analysis is performed for a magnetic field that is (i) perpendicular to the helical axis, and (ii) tilted with respect to one of the easy directions imposed by planar and rigid boundary conditions. For finite we obtain a cascade of transitions, where the bulk expels a half-pitch at a time with increasing field to avoid divergences in the elastic energy. The dependence of the threshold magnetic field inducing the expulsion on the easy axes twist angle δ is investigated for all the cascade of pitch transitions and in particular for the final one, corresponding to the Cholesteric-Nematic transition. In the → ∞ limit this dependence disappears and we reobtain the results of de Gennes for an infinite sample. 
Introduction
The application of an external bulk field (electric or magnetic) on a liquid crystal (LC) system may induce reorientation of the nematic director [1] [2] [3] , variation of the order parameter [4] , phase transitions [5] , etc [6] [7] [8] . Local fields such as a surface field produce similar effects near interfaces, in confined geometry [9, 10] , or even in the entire bulk LC as in the case of anchoring [11, 12] . The combined action of an external bulk field with a surface field gives rise to variety of complex phenomena [13] and is a subject of intense investigation in LC. In the case of a modulated phase such as the cholesteric liquid crystalline phase, the action of an external field may induce the nematic phase (N) [14] [15] [16] [17] . The latter transition arrives either continuously (for a bulk sample) or via a cascade of unwinding transition [18] [19] [20] [21] [22] in confined geometry [23] . A generalization of the pitch transitions under a tilted magnetic field in respect to the anchoring direction at the interfaces was recently given in [24] .
In the present paper we investigate the succession of pitch transitions induced by an increasing magnetic field in a cholesteric liquid crystal slab with planar anchoring that contains an incomplete number of π-twists. In particular we examine the dependence of the threshold magnetic field inducing pitch transitions on the twist angle formed by the anchoring directions on the LC-substrate interfaces. This work is a natural extension of [24] where it was considered the simpler situation with parallel directions of anchoring at the interfaces.
Generalization of the problem in strong anchoring
Our model system is a cholesteric liquid crystal (ChLC) infinite in the -plane and confined in the -direction by two parallel plates with infinitely strong planar anchoring. The plates are located at = 0 and = . The axis of the helix is perpendicular to the plates. At the lower plate the nematic director aligns parallel to the -axis, i.e., (0) = , while at the upper plate ( ) = sin(δ)+ cos(δ) where δ (with 0 ≤ δ < π) is the twist angle between the easy axes on the two parallel plates, and are the unit vectors along the -and -axis, respectively (see Fig. 1 ).
For all δ = 0 the sample contains a non integer number of half-pitch, i.e., = (N + ∆) Λ, where Λ = /2 is the natural cholesteric half-pitch, N the complete half-pitch number and 0 ≤ ∆ < 1 corresponds to an incomplete halfpitch. The density of π-twist in the sample is denoted by λ = Λ/ = 1/(N + ∆). The easy axis twist is related to the thickness ∆Λ of the incomplete cholesteric layer by δ = ∆π in the absence of external fields.
The ChLC presents an intrinsic twist deformation defined by the twist angle φ( ) formed by with the -axis. At rest and in the absence of external perturbations, the system has a non integer number N + ∆ of π-twists, with φ N δ ( ) = (π/Λ) . When the ChLC is subjected to a magnetic field H = H , the twist angle φ N δ is modified with the intensity of H to φ δ , with = N N − 1 0.
Equilibrium profiles for the nematic director, φ δ , in the presence of the external field are obtained by minimizing the total free energy per unit surface
where the dependence of the system on δ is introduced through the boundary conditions: φ (0) = 0 and φ ( ) = π + δ. In Eq. (2.1), K is the twist elastic constant, Ξ = (K /χ ) 1/2 /H the magnetic coherence length and χ = χ − χ ⊥ the diamagnetic anisotropy where χ and χ ⊥ refer to . By rescaling lengths with the thickness of the system, → / = ζ and the free energy
Eq. (2.1) is cast in the form
The function δ minimizing δ , is a solution of the corresponding Euler-Lagrange differential equation
that can be rewritten in
δ ≡ δ (ξ) has to be determined from the boundary conditions on the limiting surfaces (0) = 0 and
Next, from Eq. (2.4) we obtain
where signs refer to the two types of chirality. By assuming the levogyre direction (+) the general solution of Eq. (2.6) reads
where
is related to the incomplete elliptic integral of the first kind:
. By imposing the boundary conditions, from Eq. (2.7) we obtain δ by means of the inversion of the equation
where ( ) ≡ (π/2 ). In Fig. 2 we show ξ as function of δ for several values of the half-pitch number and of the twist angle δ between the easy axes on the interfaces. The effect of δ, keeping constant, is to increase ξ. Therefore, we expect that the existence of a twist between the easy axes should decrease the threshold for the pitch transitions. Once δ is known, we can derive the cholesteric twist angle profile δ within the cell from the relation
Further, we can calculate the total energy of the system under a magnetic field. Passing on the twist angle, the total energy (2.2) becomes
Finally, the total energy per unit surface is cast in the form
where the function
is related to the incomplete elliptic integral of the second kind [25] according to
with κ 2 = −1/ . It fulfills the property ( π + δ ) = 2 ( ) + (δ ), where ( ) ≡ (π/2 ). In the following subsections, we apply the results obtained in the present section to calculate (i) the cholesteric twist angle profile across the thickness of the slab varying δ and ξ, and (ii) the threshold field for the pitch transitions and its dependence on δ.
The twist angle profile
For low enough magnetic field, no pitch transition is induced and the sample always contains an integer number = N of complete half-turns and an incomplete one that depends on the twist angle δ. In this case, N δ as well as the tilt angle profile can be obtained from Eqs. (2.9) and (2.10), respectively, with replaced by N. Increasing the magnitude of the magnetic field H, the cholesteric twist angle profile changes as shown in Fig. 3 , where we plot, for the case of = 3, the projection of the nematic direction (ζ) along :
(ζ) = · (cfr. Fig. 3 a) , and the twist angle 3 δ (ζ) (cfr. Fig. 3 b) for several values of ξ and δ. As it is shown, increasing the magnetic field, the twist angle profile goes toward a step function while in the same limit the slope of δ (ζ) diverges [cfr. Fig. 3 c] . Consequently, the elastic energy density, proportional to [ δ − (π/λ)] 2 , diverges too and the system expels a π−twist to relax in a configuration with lower energy density that contains ( − 1)π-twists. Note that the pitch does not vary with the magnetic field while no pitch transition takes place.
The pitch-transitions
When the magnetic field approaches a threshold value ξ δ , the π-twist is confined around the points ζ * , with δ (ζ * ) = π/2, and its slope diverges [cfr. Fig. 3 c] . To avoid divergence of the energy, the system expels a π-twist passing from a configuration with π-twists to a configuration with ( − 1)π-twists. The profile of the twist angle −1 δ after the transition is determined from the equations
and
Note that at the transition, the quantities δ and −1 δ are interrelated according to
as it follows from Eqs. (2.9) and (2.14).
After the expulsion of a pitch, the total energy per unit surface of the system relaxes to a lower value given by
The → −1 half-pitch transition occurs at equal energy density of the two configurations
This happens at a threshold magnetic coherence length ξ δ that is solution of the following transcendental equa-
In general, with increasing magnetic field the system expels a π-twist whenever the energy density of a given configuration with π-twists equals the energy density of the successive one with ( − 1)π-twists, giving rise to a cascade of pitch-transitions. The threshold values for the magnetic field of these transitions are given by the latter equation, by replacing N with N − 1 N − 2 1. In Fig. 4 is shown the variation of the energy density at the transition with ξ δ , for a sample with N = 10. Note that the window of threshold fields, when δ varies, for each transition narrows with decreasing , i.e., the influence of δ on |H δ | becomes smaller as the number of π-twists in the cell is decreasing. Successive transition points get closer and closer with decreasing . Therefore the last transition point with threshold value 1/ξ 1 δ ∝ |H 1 δ | is an accumulation point of the sequence: 1/ξ δ . The few last transitions occur almost at the same value of H. As it is shown, when δ becomes equal to π for a given , then one retrieves the threshold for + 1 with δ = 0, i.e., ξ π = ξ +1 0 . Finally, for a given transition increasing δ results to a lowering of the threshold field and an increase of the corresponding transition energy δ . The final transitions from cholesteric to nematic does not depend significatively on the amplitude of the twist angle δ.
The cholesteric to nematic transition
Now, we investigate the last pitch transition, ( = 1) → ( = 0), that should correspond to the CholestericNematic transition.
In the initial state with = 1, the twist angle profile is obtained from Eq. (2.10) in implicit form
whilst the energy density becomes
In the final state without complete π-twist corresponding to the case = 0, the cholesteric twist angle 0 δ (ζ) must satisfy the boundary conditions: 0 δ (0) = 0 and 0 δ (1) = δ, i.e., 0 δ (ζ) presents a smooth deformation whose profile is given by
Equation (2.12) yields for the total energy per unit surface
The last pitch transition occurs when 1 δ = 0 δ . Therefore the critical field follows from the equation Equation (2.24) implies a dependence of the CholestericNematic transition threshold on the easy axes twist angle δ. However, approaching to the final transition, the δ-dependence becomes less and less observable since the = 0 is an accumulation point. Finally, we investigate Eq. (2.24) that yields the threshold field in confined geometry, in the limit of infinite thickness → ∞.
Since (i) δ tends to zero more rapidly than ξ, as it is shown at Fig. 1, and ( 
where we used the definition of the elliptic function given by (2.13), Eq. where λ/ξ = Λ/Ξ. Equation (2.27) coincides with the result derived in [6, 14] for the Cholesteric-Nematic transition in a unbounded sample.
Conclusion
We investigated in a unified way the cholesteric pitch transitions of a finite size sample that are induced by an external bulk field perpendicular to the axis of the helix in a sample containing incomplete number of pitches imposed by the limiting surfaces with strong anchoring conditions. The predicted unwinding of the helix by the field is stepwise and takes place at constant pitch between successive transitions. The unwinding process leads to the formation of untwisted zones in which the nematic director is practically parallel to the field. The latter zones are separated by π−walls where the twist concentrates (Fig. 3 c) . The subsequent energy accumulation should induce a π-twist expulsion that relaxes the stress. Of course two configurations that differs by a π-twist are not topologically equivalent. This topological constraint can not be relaxed by unwinding at the interface because of the rigid anchoring condition. Therefore other mechanisms should be involved such as defect nucleation, lowering of the nematic order or even local melting.
